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Abstract. An extended Lotka–Volterra equation is considered, and a Bäcklund transformation
and a nonlinear superposition formula given for it. Multiple soliton solutions are derived step
by step as an application of the obtained results. Thus theN -soliton conjecture by Narita is
confirmed.

1. Introduction

The so-called Lotka–Volterra equation is

d

dt
Nn = (Nn−1−Nn+1)Nn (1)

which expresses a sequence of ecological pre-predator processes [1]. It also finds
applications in other areas such as plasma physics [2]. It is known that equation (1) is
completely integrable, for example, (1) has anN -soliton solution [3] and infinite number of
conserved quantities [1]. As an extended version of (1), Itoh [4] has proposed an equation

d

dt
Nn =

k−1∑
r=1

(Nn−r −Nn+r )Nn. (2)

Much research on this equation has been conducted. Itoh [4] gave its conserved quantities
with periodic boundary condition. Two soliton solutions for (2) on an infinite chain have
been obtained by Narita [5]. Bogoyavlensky [6] has found the Lax form for (2). In [7], the
recursion operator for (2) withk = 3 was given and higher symmetries were presented. It
is noted that a higher-order version of (1) was also considered by Nagai and Satsuma [8].

In the following, we will follow the notations as in [5] and consider

d

dt

m−1∏
i=0

an−((m−1)/2)+i =
k−1∏
i=0

an+((m−1)/2)+i−(k−1) −
k−1∏
i=0

an−((m−1)/2)+i

(m = 1, 2, . . . ; k = 1, 2, . . . , m 6= k) (3)
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or

d

dt

m−1∏
i=0

an−((m−1)/2)+i =
( −k−1∏

i=0

an+((m+1)/2)+i

)−1

−
( −k−1∏

i=0

an−((m+1)/2)+i+k+1

)−1

(m = 1, 2, . . . ;−k = 1, 2, . . .). (4)

It is easily shown that ifm = 1 in particular, (3) can be transformed into (2) on an infinite
chain, using

Nn =
k−2∏
i=0

an+i−(k/2)+1.

By a transformation

an = fn−(k+1)/2fn+(k+1)/2

fn−(k−1)/2fn+(k−1)/2

equations (3) and (4) can be transformed into the following bilinear equation [5]:

[Dt sinh( 1
2mDn)− 2 sinh( 1

2kDn) sinh( 1
2(m− k)Dn)]fn · fn = 0. (5)

Equation (5) is reduced to the Lokta–Volterra equation or a differential-difference analogue
of the KdV equation [9] corresponding to the choices of 2m = k or m = −k.

The purpose of this paper is to present a Bäcklund transformation and nonlinear
superposition formula for (5). Using these results, multiple soliton solutions are derived
step by step and therefore theN -soliton conjecture by Narita is confirmed.

This paper is organized as follows. In section 2 we give the Bäcklund transformation
for the system equation (5). Then in section 3, we give a brief proof of a nonlinear
superposition formula. Some particular solutions of equation (5) are then found through
this formula. Finally, section 4 summarizes the results. A brief appendix lists some bilinear
operator identities made use of in this paper.

2. A Bäcklund transformation for the extended Lotka–Volterra equation

In this section, we derive a B̈acklund transformation (BT) for equation (5). The result
obtained is:

Proposition 1. A BT for (5) is

exp( 1
2(m− k)Dn)fn · f ′n = [λ exp( 1

2(m+ k)Dn)+ µ exp( 1
2(k −m)Dn)]fn · f ′n

[Dt − λ exp(kDn)− γ ]fn · f ′n = 0 (6)

whereλ, µ andγ are arbitrary constants.

Proof. We only need to prove, by using (6), that

P ≡ [exp( 1
2mDn)f

′
n · f ′n][Dt sinh( 1

2mDn)− 2 sinh( 1
2kDn) sinh( 1

2(m− k)Dn)]fn · fn
−[exp( 1

2mDn)fn · fn][Dt sinh( 1
2mDn)

−2 sinh( 1
2kDn) sinh( 1

2(m− k)Dn)]f
′
n · f ′n = 0.
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Making use of (A.1)–(A.4) and (6), we findP can be rewritten as

P = 2 sinh( 1
2mDn)(Dtfn · f ′n) · fnf ′n
−2 sinh( 1

2kDn)[exp( 1
2(m− k)Dn)fn · f ′n][exp( 1

2(k −m)Dn)fn · f ′n]
= 2 sinh( 1

2mDn)(Dtfn · f ′n) · fnf ′n
−2λ sinh( 1

2kDn)[exp( 1
2(m+ k)Dn)fn · f ′n][exp( 1

2(k −m)Dn)fn · f ′n]
= 2 sinh( 1

2mDn)[(Dt − λ exp(kDn))fn · f ′n] · fnf ′n = 0.

Thus we have completed the proof of proposition 1. �

By use of (6), we can easily obtain the following solutions from the trivial solution
fn = 1:

fn = 1+ exp(2η)

with

λ = sinh(p(m− k))
exp(pk) sinh(pm)

µ = 1− λ γ = −λ
and

fn = n+ k

m
(m− k)t

with λ = (m− k)/m, µ = k/m, γ = (k −m)/m; where

η = ωt − pn+ η0 ω = −sinh(kp) sinh(p(m− k))
sinh(mp)

andp, η0 are constants. In order to obtain more particular solutions, such as multi-soliton
solutions, we need a nonlinear superposition formula for equation (5). This is found in the
next section.

3. A nonlinear superposition formula

In the following, we shall simply denote, without confusion,fn(t) = f (n, t) = f (n) or f .
The result reached is:

Proposition 2. Let f0 be a solution of equation (5) and suppose thatfi(i = 1, 2)
are solutions of (5) which are related tof0 under the BT equation (6) with parameters

(λi, µi, γi), i.e. f0
(λi ,µi ,γi )→ fi(i = 1, 2), fj 6= 0(j = 0, 1, 2). Thenf12 defined by

exp( 1
2kDn)f0 · f12 = c[λ1 exp(− 1

2kDn)− λ2 exp( 1
2kDn)]f1 · f2

(c is a non-zero constant) (7)

is a new solution which is related tof1 andf2 under the BT (6) with parameters(λ2, µ2, γ2)

and(λ1, µ1, γ1), respectively.

Proof. It suffices to show that

[exp( 1
2(m− k)Dn)− λ2 exp( 1

2(m+ k)Dn)− µ2 exp( 1
2(k −m)Dn)]f1 · f12 = 0 (8)

[exp( 1
2(m− k)Dn)− λ1 exp( 1

2(m+ k)Dn)− µ1 exp( 1
2(k −m)Dn)]f2 · f12 = 0 (9)

[Dt − λ2 exp(kDn)− γ2]f1 · f12 = 0 (10)

[Dt − λ1 exp(kDn)− γ1]f2 · f12 = 0. (11)
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From

[exp( 1
2(m− k)Dn)f0 · f2][exp( 1

2(m− k)Dn)− λ1 exp( 1
2(m+ k)Dn)

−µ1 exp( 1
2(k−m)Dn)]f0 · f1−[exp( 1

2(m− k)Dn)f0 · f1][exp( 1
2(m−k)Dn)

−λ2 exp( 1
2(m+ k)Dn)− µ2 exp( 1

2(k −m)Dn)]f0 · f2 = 0

and

[λ2 exp( 1
2(m+ k)Dn)f0 · f2][exp( 1

2(m− k)Dn)− λ1 exp( 1
2(m+ k)Dn)

−µ1 exp( 1
2(k −m)Dn)]f0 · f1

−[λ1 exp( 1
2(m+ k)Dn)f0 · f1][exp( 1

2(m− k)Dn)

−λ2 exp( 1
2(m+ k)Dn)− µ2 exp( 1

2(k −m)Dn)]f0 · f2 = 0

we have, by use of equations (A.5), (7) and a detailed calculation,

exp( 1
2(k +m)Dn)f0 · f12 = c[−µ1 exp( 1

2(m− k)Dn)+ µ2 exp( 1
2(k −m)Dn)]f1 · f2. (12)

exp( 1
2mDn)f0 · f12 = c[−µ1λ2 exp( 1

2mDn)+ λ1µ2 exp(− 1
2mDn)]f1 · f2. (13)

from which it follows that (8) and (9) hold by using (A.6). Furthermore, from

[(Dt − λ1 exp(kDn)− γ1)f0 · f1]f2− [(Dt − λ2 exp(kDn)− γ2)f0 · f2]f1 = 0

and

λ2

{
exp

(
k
∂

∂n

)
[Dt − λ1 exp(kDn)− γ1]f0 · f1

}
f2(n)

−λ1

{
exp

(
k
∂

∂n

)
[Dt − λ2 exp(kDn)− γ2]f0 · f2

}
f1(n) = 0

we have, by use of (A.7), (7) and a detailed calculation,

−Dtf1(n) · f2(n)+ (γ2− γ1)f1(n)f2(n)− 1

c
exp(kDn)f0(n) · f12(n) = 0 (14)

1

2k
Dtf0(n+ k) · f12(n)+ 1

2
λ2Dtf1(n+ k) · f2(n)+ 1

2
λ1Dtf1(n) · f2(n+ k)

+λ2γ1f1(n+ k)f2(n)− λ1γ2f1(n)f2(n+ k) = 0. (15)

Finally, we can show that (10) and (11) hold by using (7), (14) and (15). Thus we have
completed the proof of proposition 2. �

As an application of this result, we give some particular solutions of (5).

Example 1. Choosef0 = 1, c = 1/(λ1− λ2). It is easily verified that

1

(λ1, µ1, γ1) 1+ e2η1 (λ2, µ2, γ2)

(λ2, µ2, γ2) (λ1, µ1, γ1)

1+ e2η2

F12
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where

F12 ≡ 1+ λ1− λ2 e−2p1k

λ1− λ2
e2η1 + λ2− λ1 e−2p2k

λ2− λ1
e2η2 + λ1 e−2p2k − λ2 e−2p1k

λ1− λ2
e2(η1+η2)

and

ηi = ωit − pin+ η0
i ωi = −sinh(kpi) sinh(pi(m− k))

sinh(mpi)

λi = sinh(pi(m− k))
exp(pik) sinh(pim)

µi = 1− λi γi = −λi (i = 1, 2).

pi andη0
i are constants. ThusF12 is a two-soliton solution of (5).

Furthermore, we have

1+ e2η1

(λ2, µ2, γ2) F12 (λ3, µ3, γ3)

(λ3, µ3, γ3) (λ2, µ2, γ2)

F13

F123

where

F13 ≡ 1+ λ1− λ3 e−2p1k

λ1− λ3
e2η1 + λ3− λ1 e−2p3k

λ3− λ1
e2η3 + λ1 e−2p3k − λ3 e−2p1k

λ1− λ3
e2(η1+η3)

and

F123= 1+K1 e2η1 +K2 e2η2 +K3 e2η3 +K12 e2(η1+η2) +K13 e2(η1+η3) +K23 e2(η2+η3)

+K123e2(η1+η2+η3)

with

Ki =
3∏
j=1
j 6=i

λi − λj e−2pik

λi − λj

Kij = λi e−2pj k − λj e−2pik

λi − λj
λi − λ6−i−j e−2pik

λi − λ6−i−j

λj − λ6−i−j e−2pj k

λj − λ6−i−j
i 6= j

K123= λ1 e−2p2k − λ2 e−2p1k

λ1− λ2

λ1 e−2p3k − λ3 e−2p1k

λ1− λ3

λ2 e−2p3k − λ3 e−2p2k

λ2− λ3
.

ThenF123 is a three-soliton solution of (5) where

η3 = ω3t − p3n+ η0
3 ω3 = −sinh(kp3) sinh(p3(m− k))

sinh(mp3)

λ3 = sinh(p3(m− k))
exp(p3k) sinh(p3m)

µ3 = 1− λ3 γ3 = −λ3.

In general, we can obtainN -soliton solutions by successive use of (7).
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Example 2. Choosef0 = 1, k = 1, we have

1

(
m−k
m
, k
m
, k−m

m

)
n+ k

m
(m− k)t (λ,1− λ,−λ)

(λ, 1− λ,−λ) (
m−k
m
, k
m
, k−m

m

)
1+ e2η

F

where

F = −λk +
(
m− k
m
− λ

)(
n+ k

m
(m− k)t

)
− λk e2η

+
(
m− k
m

e−2kp − λ
)(

n+ k

m
(m− k)t

)
e2η

η = ωt − pn+ η0 ω = −sinh(kp) sinh(p(m− k))
sinh(mp)

λ = sinh(p(m− k))
exp(pk) sinh(pm)

.

andF is a solution of (5). Herep andη0 are constants.

4. Summary

We have given a Backlund transformation for the extended Lotka–Volterra equation as well
as a nonlinear superposition formula for it; and from the latter we find 2-, 3- and, in general,
N -soliton solutions of the system and other solutions. Thus theN -soliton conjecture by
Narita is confirmed.
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Appendix

The following bilinear operator identities hold for arbitrary functionsa, b, c and d of n
and t :

[Dt sinh(δDn)a · a][exp(δDn)b · b] − [Dt sinh(δDn)b · b][exp(δDn)a · a]

= 2 sinh(δDn)(Dta · b) · ab (A.1)

[sinh(δ1Dn) sinh(δ2Dn)a · a][exp((δ1+ δ2)Dn)b · b]

−[sinh(δ1Dn) sinh(δ2Dn)b · b][exp((δ1+ δ2)Dn)a · a]

= sinh(δ1Dn)[exp(δ2Dn)a · b] · [exp(−δ2Dn)a · b] (A.2)

sinh(δDn)a · a = 0 (A.3)

sinh(δ1Dn)[exp((δ1+ δ2)Dn)a · b] · [exp((δ1− δ2)Dn)a · b]

= sinh(δ2Dn)[exp(2δ1Dn)a · b] · ab (A.4)
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[exp(δ1Dn)a · b][exp(δ2Dn)a · c]
= exp( 1

2(δ1+ δ2)Dn)[exp( 1
2(δ1− δ2)Dn)a · a] · [exp( 1

2(δ1− δ2)Dn)c · b] (A.5)

[exp(δ1Dn)a · b][exp(δ2Dn)c · d]

= exp( 1
2(δ1− δ2)Dn)[exp( 1

2(δ1+ δ2)Dn)a · d] · [exp( 1
2(δ1+ δ2)Dn)c · b] (A.6)

(Dta · b)c − (Dta · c)b = −aDtb · c. (A.7)
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